A case study is presented assessing the impact of missing data on the analysis of daily diary data from a study evaluating the effect of a drug for the treatment of insomnia. The primary analysis averaged daily diary values for each patient into a weekly variable. Following the commonly used approach, missing daily values within a week were ignored provided there was a minimum number of diary reports (i.e., at least 4). A longitudinal model was then fit with treatment, time, and patient-specific effects. A treatment effect at a pre-specified landmark time was obtained from the model. Weekly values following dropout were regarded as missing, but intermittent daily missing values were obscured.
Introduction
Missing data is a common problem in longitudinal clinical trials, with the potential to lead to loss of statistical efficiency and biased inferences. The recent National Research Council report on the topic [1, 2] highlights the need to limit missing data in trial design and conduct, as well as to use defensible statistical methods in the analysis. Concerning the latter, the report criticized simple methods like analysis of the complete cases and last
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Design
The case study is based on a randomized double-blind parallel-group placebo-controlled study of a compound for chronic insomnia sponsored by a large pharmaceutical company during Phase 2 of development. There was a one-week blinded placebo run-in period before randomization. The randomization visit is defined as Day 1 of the study. The daily diary collected during the morning of Day 1 is regarded as part of the pre-randomization baseline period. There were 5 treatment groups: placebo, and 15, 30, 45 , and 60 mg of the active compound. There were approximately 135 randomized patients per group. It was planned that each patient would receive their assigned treatment for 4 weeks. There were 10 randomized patients who did not start dosing; they are excluded throughout. Weekly visits were scheduled (0,1,2,3,4) for data collection. Data from a post-dosing safety visit are not included in our analysis. The data for each patient are longitudinal, with repeated measurements based on patient reported outcomes (PRO) and one clinician assessment of severity. Baseline age, sex, race, and clinical site are included in the data set. In addition to the weekly visit, patients called a data collection system each morning from their first screening visit until their Week 4 final-dosing visit and responded to questions about their sleep the previous night.
Weekly summaries were not determined by the common practice of setting time windows around the scheduled date, with visits outside the window excluded. Instead, the visit designation was based on the reported visit number on the case-report form. Most subjects followed the visit schedule closely, but there were patients with substantial deviations. The first two columns of Table 1 summarize the distribution of patients by their days between the Week 3 and Week 4 visits.
Data
There were 5 variables collected from the daily phone calls: subjective time awake after initial sleep onset (SWASO, minutes), subjective latency to sleep onset (SLSO, minutes), subjective number of awakenings after sleep onset (SNAASO), subjective total sleep time (STST, minutes), and sleep quality (SQUALITY, 0 − 100, higher is better). The primary endpoint, subjective time awake after initial sleep onset (SWASO), was derived from the daily phone diary data by averaging the daily values between each weekly visit, as is commonly done with daily diary data (e.g., [8, 9] ). The number of days between visits varied, and measurements from all days between visits were averaged. If there were < 4 diary reports between visits, the statistical analysis plan (SAP) specified that the weekly average was missing. Weekly values for each of the other sleep measures were formed using the same approach.
The SWASO endpoint requires definition when a patient reports no awakenings during the night (SNAASO = 0). In this case, the SWASO value was coded as missing in the database, and treated as missing in the original study analyses. Combined with the use of available cases when computing the weekly averages, this approach creates an MNAR condition that causes under-estimation of the effect of the drug when patients successfully sleep through the night. In all of the analyses reported here, when a patient reports SNAASO = 0, the corresponding SWASO value will be assigned 0 awake time, and it will not be regarded as missing.
The 11 variables collected at the weekly visits, which record the patients' recall of day-time function, drowsiness, and other sleep-related conditions, are described in supplement Thomas , O. Harel, and R. Little occurring adverse events (e.g., headaches, dizziness) were included in our data. A final status was also obtained from the case-report form for each patient at their final visit, which indicates whether the patient finished treatment as planned, withdrew consent, stopped due to pregnancy, etc.
Pre-specified Analyses
The primary SAP analysis pre-specified a mixed-model repeated-measures analysis for the change from baseline in weekly average SWASO, with site, treatment, visit, baseline SWASO, treatment-by-visit interaction and baseline-by-visit interaction as fixed predictors, and an unstructured covariance structure. Each dose was compared to placebo at Week 4 to measure persistent effect. A similar analysis was planned for each secondary endpoint. The primary pre-specified intention-to-treat analysis excluded randomized patients who did not receive a dose of study drug. We followed this convention and excluded these patients throughout. Other randomized patients without any post-randomization endpoints were included in our analyses, as documented in Section 3.
Patterns of missing data
Missingness in daily telephone diaries
Plots of missingness rates for the SWASO variable during the first 28 days after randomization are displayed in supplement Figure A. 1. The rate of missingness increases over time with a pattern of lower missing rates on the days of scheduled clinic visits, and bigger increases in missingness rates the day following clinic visits due to dropouts that occur at the visit. Additional analyses showed there was much less missing diary data on the days of clinic visits. These trends are attenuated in Figure A .1 because not all patient visits occur on the planned schedule. The highest-dose group has consistently higher missingness rates than the placebo rate.
Most of the 'weekly' averages were computed based on collection-time intervals that spanned 4 to 9 days, as displayed in Table 1 , which summarizes the collection period before the final visit. The table also shows that many patients had unplanned missing diary entries during this collection period. The proportion of the weekly-averaged endpoints computed with at least 1 missing daily value ranged from 0.3-0.5 across the 4 weekly visits.
Missingness in weekly averages
The missing data rates for the SWASO averages, as defined in the protocol, at Week 4 for the 0, 15, 30, 45, and 60 mg dose groups are 0.18, 0.25, 0.16, 0.16, and 0.25, respectively. These rates are sums of the dropout and intermittent missing (weekly) rates in Table 2 . The only notable dose-related pattern is a higher rate of missing data at the early visits for the highest dose. To explore potential reasons for the elevated missing rate in the highest dose group, the frequencies of the reasons for the end of dosing were examined (displayed in supplement Table A. 2). Dropouts due to adverse events were also more frequent in the highest-dose group. The excess adverse events were not concentrated in a small number of related categories.
Further examination of the patients who dropped out of the study early showed there were 36 randomized patients missing all weekly diary data. It is not apparent why they do not have baseline diary data. All of them dropped out of the study without any post-dosing endpoints. Of these patients, 13 reported stopping due to an adverse event, out of 26 such patients in the entire study. The numbers of these patients in the 0, 15, 30, 45, and 60 mg dose groups are 2, 2, 0, 1, 8, respectively. These patients largely account for the higher rates of missingness and adverse events observed in the high dose group. Another potential reason for more dropouts in the highest dose group is described in Section 4.1. N. Thomas, O. Harel, and R. Little Figure 1 (produced by the R package, VIM, [10] ) summarizes the frequency of missing data patterns. The weekly-averaged endpoints based on the daily diary data display many different missing data patterns, but the patterns associated with monotone dropout are the most common. The missing data patterns are sorted from completely missing to completely observed by the order of the first occurrence of a missing value. The large number of patients without diary data was first revealed by this display. The histogram at the top of the figure displays the increase in missing data by visit.
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Efficacy based on common methods applied to weekly averaged values
Treatment effect estimates
The mean dose response curve for the primary endpoint at Week 4 is displayed in supplement Figure A. 2. The drug effect increases with dose to a plateau consistent with an Emax model [11] , which has been observed for most effective compounds [12] . The other endpoints based on the daily diaries have similar response trends, which are also displayed in Figure A. 2. The endpoints collected at the weekly visits are displayed in supplement Figure A .3. The patient and clinician global assessment endpoints have trends similar to the endpoints based on the daily diaries. All of the other secondary endpoints, which measure daytime function, display non-monotone dose response. This is likely due to residual drug effect during the day because some drug remains in the body, as has been observed with other sleep medications [e.g., [13] ]. The residual drug might also affect compliance with the dosing regimen and dropout status.
Treatment effect estimates (and standard errors, SEs) for the primary endpoint at Week 4 are in the first 3 rows of Table 3 . Estimators include maximum likelihood for the longitudinal mixed model (MLLM), which was described in Section 2.3, a corresponding linear model estimator applied to complete data at baseline and Week 4 created by last observation carried forward (LOCF), and a linear model estimator using available cases with baseline and Week 4 data (AC). The methods are applied to the weekly averaged values, which were computed as described in Section 2.2. There were no pronounced differences between estimators, when assessed across all of the endpoints (displayed in supplement Tables A.3 and A.4). The estimated standard errors differed by less than 10%, and as anticipated, increased with methods in the order LOCF, MLLM, to AC. The standardized differences between the estimates (difference divided by the SE of an estimate) were < 0.5, except for a few differences as large as 1.0 for the LOCF and AC-based estimates.
Distribution of the SWASO endpoint
The distribution of the primary SWASO endpoint was examined to assess the appropriateness of the planned analyses and to support selection of imputation models. Boxplots of SWASO by dose group for individual study days displayed right-skewed distributions. The transformed values are closer to normally distributed, but a floor at 0 remains. Boxplots of the distributions for selected study days after applying the square-root transform are displayed in supplement Figure A. 
4.
Boxplots for the weekly averages of the daily values, with and without transformation, display distributions similar to the corresponding daily values, but the averaging produces closer agreement to the normal distribution. As a consequence, models for daily values will be applied to the square-root-transformed values. Because the original scale is more interpretable, and the skewness after weekly averaging is not severe, daily values will be back-transformed before applying the primary analysis methods. 
Multiple imputation methods applied to daily values
By basing the weekly averages on available cases, we in effect impute the missing nights using the mean outcome for the nights reported that week. This assumes that the reported nights are representative of all the nights in that week; sleep patterns are assumed to be no different for the nights where no report was provided. Also weekly averages are treated as having the same precision, regardless of how many measurements are included in the average. The analysis in this section still assumes the missing data are MAR, but imputes missing nights based on a regression of the missing on the recorded nights, and uses multiple imputation to reflect the imputation uncertainty.
Model-based multiple imputation of missing daily diary values were performed for the primary SWASO endpoint. The completed daily values were averaged to produce weekly values, and the primary analysis applied to these data. Completed data sets were created for study days −5 through 28 for each patient. The weekly averages corresponding to baseline and 4 post-randomization visits were computed from exactly 7 daily values determined by the planned visit schedule. This differs from the protocol-specified weekly averages, which could include more than 7 values, because there were no planned windows around the weekly visits. The imputations were performed for the square-root-transformed values. The daily values were back-transformed before weekly averages were computed. Any negative imputed values were set to 0 before back-transformation. One hundred imputed data sets were generated for each multiple imputation method.
The imputation models assume a multivariate normal distribution for the transformed daily SWASO values (including the baseline values) with means determined by a multiple linear regression. The transformed SWASO values are denoted by Y ij , where patients are indexed by i = 1, · · · , N , and study days are indexed by j = −5, · · · , 29. The patient-specific mean models include the following fully-observed predictors denoted by X i : age (continuous), sex, race, and one post-randomization variable, the reason for terminating dosing (planned end of study, AE or death, other). The regression parameters associated with X are denoted by β. The dose group is denoted by T i , with values (0, 15, 30, 45, 60) . A potentially different mean value for each study day for each dose is denoted by δ T j . For some of the models, the daily means are assumed to be the same within a study week:
where denotes the integer ceiling, and the ∆ The first model assumes the daily means change weekly:
The second imputation model is the same as the first model except that it was fit separately for each dose group, and thus implicitly included interaction terms between dose and all of the main effects in the model. The second model also included separate within and between variance parameters for each dose group. The first two models were fit using the R package PAN [14, 15] . Results from these models are denoted by MVNMI1 and MVNMI2. A third imputation model, denoted by MVNMI3, was similar to model (1), except that the mean values were allowed to change daily rather than weekly:
The model was fit and the imputations were generated using the general-purpose Bayesian MCMC program STAN [16] . Results from the same model fit using the PAN software (not shown) were similar. The same diffuse prior distributions (i.e., diffuse normal prior distributions for fixed effects, diffuse gamma distributions for random effects) were utilized in both programs. The flexibility of the general-purpose software can be used to impute from many alternative models for the mean and variance structures, but it is somewhat slower to execute. The imputation approaches described here took from 30 minutes to a full day to create 100 imputed data sets on a mid-range desktop computer. The estimated magnitudes of the within (σ 2 ) and between patient (ψ 2 ) variability were roughly equal for all of the fitted models. The variance-covariance matrix of the square-root transformed daily SWASO values was examined by pooling the residuals across dose groups after applying dose-group analysis of variance to the available SWASO values for each day. The pairwise correlations displayed a weak trend towards increased correlation for nearby days. A more pronounced difference was much higher correlations between daily values collected during the post-randomization period compared to correlations involving days from the baseline period. Two additional imputation models, denoted by MVNMI4 and MVNMI5, were fit to better represent the changing variances and correlations. In model MVNMI4, both the within and between patient random terms were multiplied by f :
This model has an increased variance over time while maintaining a common correlation. The increasing multiplier over time was applied to the between patient random term only in model MVNMI5:
This model yields increasing variance with time, and higher correlations between values from later study days compared to early days, as was observed in the complete-case analysis.
Results based on the multiply imputed data are in the lower portion of Table 3 ; the reported results include only comparisons of the lowest and highest doses to placebo at Week 4. All of the imputation models yielded estimates of treatment effect that were substantively similar to the MLLM approach based on the protocolspecified weekly averages, but the estimates for the 15 mg dose trended toward larger effects. The maximum absolute difference between the MLLM and various MI estimates divided by the SE of the MLLM estimate for the 15 and 60 mg effects versus placebo were 0.38 and 0.07, respectively. A difference of 0.4, even if it were replicated across repeated data sets, would only reduce the coverage of a nominal 95% interval to 93% (p. 14, [17] ).
Plots of observed and imputed daily values for individual patients displayed agreement in location and trend over time. The proportions of imputed values across the models that were originally negative and subsequently truncated ranged from 0.01 to 0.039. The proportion of zero values in the observed data was 0.115, and the corresponding proportion after imputation ranged from 0.099 to 0.101. Figure 2 displays the observed values and the first 5 imputed daily values from model MVNMI3 for 3 patients treated with the 60 mg dose who have common missing data patterns. Patients '239' and '270' were selected for display because they had a pronounced tendency to repeatedly report rounded times (e.g., √ 60 and √ 120), which the normal-based imputation models Figure 3 summarize all of the imputed values for the 3 patients. They display more clearly the distributions of the missing values implied by the imputation model. The standard errors from the MVN imputation models were smaller than those produced by the other methods. Most of the difference between the MVN-based SEs and those from the MLLM and LOCF methods is due to the smaller residual standard deviations estimated in the primary analysis model, which are displayed in the final column of Table 3 . It is not apparent why the MVN-based imputations yielded less residual variation in the weekly-averaged values. The larger SEs for the AC method are due primarily to its smaller sample sizes. The differences in the estimates and standard errors did not change the substantive conclusions of this trial, but in a trial with treatment differences near boundaries for statistical significance, changes of the magnitude observed would likely yield p-values below and above the boundary.
Pattern mixture models and MNAR analyses
Comparing data distributions from different missing data patterns
Most of the weekly missing data are monotone due to dropouts. Data from weeks common to different missing data patterns were compared to check potential dependence of dropout status on observed efficacy data. In Figure 4 , boxplots of the weekly SWASO values from the completers are compared to corresponding boxplots of patients who dropped out after 1, 2, or 3 weeks, respectively. The weekly-averaged SWASO values computed per protocol are displayed. The observed data from the different dropout patterns are very similar. Other weekly endpoints plots within dose groups were also assessed and displayed close agreement. The observed responses up to any visit do not predict who will subsequently dropout or complete the study. Because the observed data cannot unequivocally demonstrate MAR or related conditions, sensitivity analyses are described in the next section under MNAR models.
MI-based assessment of MNAR pattern mixture models
The pattern mixture models [18, 19] in this section are constructed from the multivariate normal model for complete data, MVNMI3, which has different means for each study day within dose group, and a common equi-correlated variance-covariance matrix. The posterior means for the within (σ . A second MNAR model was fit using the same approach, but missing data following dropout were assigned a larger offset derived from the total variance observed in the SWASO variable after accounting for dose group and baseline characteristics, c σ 2 + ψ 2 . The offset for intermittent missing values remained c * σ.
Results for the models with differing sensitivity parameters are in Table 4 . The mean difference for the 15 mg dose versus placebo decreased, while the mean difference for the 60 mg dose increased. The changes do not substantively impact the interpretation of the results, but the largest changes for the 15 mg dose were > 1.5SE. The change in the 15 mg dose was not anticipated because this group did not have more missing data. It occurred because there were more imputations in the upper tail of the distribution for this group. The addition of the offsets combined with the back-transformation from the square root scale produced a more skewed distribution N. Thomas, O. Harel, and R. Little
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and the difference in the regression-based primary complete data analyses. Many of the imputations under the MNAR models appear as outliers when plotted with the observed data in plots like those in Figure 2 . This is reflected in the increases in the estimated SD and SE in Table 4 . Similar to the results from different models under the MAR assumption in Section 5, there was not high sensitivity of the results to the different MNAR models, but the combination of changes in the estimates and increased SEs could affect the interpretation of a study with less robust treatment differences.
The two MNAR models described here are not dependent on the treatment group. MNAR models that use different imputation models for different treatment groups [6, 19, 21, 22] were also explored by modifying the second MNAR model. The offsets were only applied to patients who dropout from the active treatment groups, with no offsets applied to intermittent missing values. The results for these models are in the lower portion of Table 4 . As anticipated, these models substantially discount the results from the active treatment groups. An offset with c > 1 eliminates the clinical and statistical significance of even the large effect observed in the highdose group. These sensitivity results are dubious, however, as they predict a substantial increase in SWASO for the lowest dose, and a small decrease for the high-dose group. There is no apparent mechanism to explain a large differential in potential responses for dropouts in the active groups, and the results are in sharp contrast with the observed effects that are consistent with dose response across numerous measures of sleep, and the previously observed effects of related compounds. The effect of the high dose versus placebo on square root SWASO is approximately 0.4 σ 2 + ψ 2 , so even the 'low' sensitivity setting implies a much larger shift than would occur under jump-to-placebo models [6, 21, 22 ]. An overall summary of the MNAR results could be obtained by specifying a distribution for the offset parameter c, which would assign higher probabilities to smaller values, and then applying the methods in [23] .
Conclusions
Missing-data rates for the weekly endpoints of approximately 15-25% at Week 4 are within expectations based on past experience with trials of similar duration. There is evidence that dropout might be related to dose, but less so for intermittent missing values. The higher number of patients reporting adverse events on the highest dose support this conjecture, but the number of dropouts spread across 5 treatment groups is too low for definitive conclusions. No simple model using a small number of measurements was found that could predict which measurements would be missing.
The estimated proportions of missing information computed from the multiple imputations in Table 3 show that recovery of some of the missing information is possible due to correlation between the numerous diary and baseline values. The differences in estimates and standard errors for the treatment effects from the different models under the MAR assumption and the MNAR models without differential behavior by treatment group were not large enough to change the substantive interpretation of the results. The differences would be large enough, however, to create ambiguity in the results from a trial with smaller treatment effects that achieved borderline statistical significance. Models under MNAR with differential behavior by treatment group attenuated the effects for all active treatment groups when dropouts have increased SWASO of approximately one SD. The SWASO values for dropouts implied by a shift of one SD yield patients with response patterns that were not observed in any patients, including those treated with placebo, so the relevance of such models to any estimand is dubious.
Multivariate-normal models were utilized after data transformation to form the multiply imputed missing SWASO values. With some data-driven adjustments to these models, the mean, variance, and correlation structure of the data could be represented. The clear preference for reporting rounded times (e.g, 30 minutes, Statistics in Medicine N. Thomas, O. Harel, and R. Little one hour), and the tendency of patients to repeat the same values for several consecutive days could not be easily reproduced with the normal-based models. Some hot-deck-type approaches with sampling of observed SWASO values were explored, such as predictive mean matching [4, 24] , but the results are not presented here because they were unstable, depending on methodological features such as the order the variables were imputed. Alternative approaches involving weights based on estimates of the missingness probabilities were not developed here [25, 26] . Such models would also be difficult to specify due to the complex multivariate nature of the data and the added complexities that arise due to the dependence between missingness and the scheduling of weekly clinic visits.
With current desktop computing and general-purpose statistical software, it is feasible to account for missing daily diaries in aggregated endpoints. The most challenging aspect is the specification of models that can adequately represent the missing data. This problem becomes more difficult when pre-specification of the models is required for confirmatory trials. The approach used to assess model sensitivity fitted several models with flexible mean functions and different variance-covariance structures. Multivariate normal models, however, are unlikely to reproduce some of the features present in subjectively reported diary data.
R Table 2 . Dropout and intermittent missing rates for the SWASO endpoint. The intermittent missing rate refers to the weekly means of the daily values and applies to patients remaining in the study at a visit. Note that a patient can return for their Week 4 visit and still have missing daily diary data for the week. Table 3 . Estimates and standard errors for the Week 4 SWASO endpoint from different missing data methods. The 'week' in methods indicates it was applied to weekly data. The 'day' indicates it was applied to daily data, which was subsequently averaged. MLLM (mixed longitudinal model), LOCF (linear model applied to LOCF data at Week 4), AC (available cases). Table 4 . Estimates and standard errors for the Week 4 SWASO endpoint from different MNAR models. The All in the method denotes the same offset for all missing measurements, Drop denotes higher offsets following dropout, and Diff denotes higher offsets applied differentially to the active treatment groups. Low, Med, High are offset multiples of 0.8, 1.2, and 1.6. 
